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We present the full Gutzwiller-wave-function solution of the Anderson lattice model in two di-
mensions that leads to the correlation-driven multigap superconducting (SC) ground state with the
dominant dx2−y2 -wave symmetry. The results are consistent with the principal properties of the
heavy-fermion superconductor CeCoIn5. We regard the pairing mechanism as universal and thus
applicable to other Ce-based heavy-fermion compounds. Additionally, a gain in kinetic energy in
the SC state takes place, as is also the case for high-temperature superconductors.
PACS numbers: 74.70.Tx, 74.20.-z, 71.27.+a, 74.20.Mn
Introduction. Starting from the first observation of su-
perconductivity (SC) in the heavy fermion system (HFS)
CeCu2Si2[1, 2], there is an ongoing discussion concerning
the microscopic mechanism(s) of pairing in this class of
unconventional superconductors [3–6]. At present, over
thirty of HFS are known to be superconducting [7] and
majority of them exhibit universal features of the elec-
tronic structure, that has their source in the strong inter-
electronic correlations. Thus the assumption, that also
the pairing may have a common, non-phononic micro-
scopic origin is widely accepted [3–5, 8–12]. Associated
with this is the fundamental question whether the strong
correlations can also be the source of pairing in those
systems, in the same fashion, as they are for the appear-
ance of heavy quasiparticle states and non-trivial mag-
netic properties [13, 14]. Such a single approach might be
regarded as providing a class of universality defined by
the type of many-particle theoretical model. The purpose
of this work is to present an affirmative answer to such a
program by solving Anderson lattice model (ALM) with
the full Gutzwiller wave function for the SC state. The
quasiparticle properties in the normal state have been
discussed elsewhere [15].
We regard the two-orbital ALM as providing the
most important electronic features of HF Ce-based com-
pounds with an orbitally nondegenerate f states (see
e.g. Refs. [12–15]). Previous considerations of pairing
in HFS of a purely electronic origin have involved re-
lated models such as the Kondo lattice model [16–19],
the Anderson-Kondo lattice model [20–23] or ALM with
the Falicov-Kimball term, the presence of which enhances
the valence-fluctuation-induced pairing [9]. Also, there
exists a variational approach to the intrinsic SC pair-
ing in ALM [24], with the s-wave character of SC gap.
A separate class of models has been based on the spin-
fluctuation pairing among uncorrelated or weakly corre-
lated electrons [4, 10, 25].
Here we address the mechanism of the heavy fermion
superconductivity in ALM driven by the strong electronic
correlations among f -orbital states and induced by the
local repulsive f -f Coulomb interaction, which represents
by far the largest energy scale in the system. By incorpo-
rating this interaction into the full Gutzwiller wave func-
tion (GWF) solution we obtain a stable SC state with
two nodal gaps with the dominating f -f and a weaker f -
c (conduction) electron real-space pairings, the former of
prevalent dx2−y2 symmetry. In this manner, the appear-
ance of the superconducting pairing is proved as solely
due to the electron correlations within one of the most
representative methods of treating the correlated model
systems. Such SC state reflects the principal features ex-
hibited by the canonical, quasi-two-dimensional [26, 27]
HFS CeCoIn5, for which the signatures of the nodal [28–
33] dx2−y2 [5, 34–42] SC of multigap character [5, 40–42]
were reported. Moreover, as in our approach the lead-
ing SC component emerges from f electrons, which are
also responsible for the magnetic properties in HFS, our
model accounts in a natural manner for the common ori-
gin of magnetic and SC orderings [43].
Model and method. Our starting point is the Anderson
lattice model
Hˆ =
∑
i,j,σ
tijcˆ
†
iσ cˆjσ − µ
∑
i,σ
nˆciσ + (ǫf − µ)
∑
i,σ
nˆfiσ
+U
∑
i
nˆfi↑nˆ
f
i↓ +
∑
i,j,σ
(Vijfˆ
†
iσ cˆjσ +H.c.),
(1)
on a two-dimensional (2D), translationally invariant
square lattice, with the chemical potential µ, and with
the usual notation [15].
Ground-state properties of (1) have been obtained vari-
ationally by means of a novel Diagrammatic Expansion
technique for the Gutzwiller Wave Function (DE-GWF)
[15, 44–48]. The main advance introduced by this method
is an accurate evaluation of the expectation values with
the full Gutzwiller wave function (GWF). The standard
Gutzwiller Approximation (GA) [49], and its subsequent
statistically consistent elaboration (SGA) [50–52], are re-
produced in the zeroth order of our expansion and shown
to include only the local correlations which do not lead to
any SC solution. DE-GWF method accounts for nonlo-
2cal correlations being the essential factor leading to the
appearance of the SC state. This particular feature of
our approach is shared with the variational Monte Carlo
(VMC) approach [53, 54]. However, our technique does
not suffer from the system finite-size limitation and is
computationally efficient. In general, DE-GWF repro-
duces the VMC results with an improved accuracy, as
has been shown previously on the example of SC solu-
tions for both the Hubbard [45] and the t-J [46] models.
The Gutzwiller wave function, |ψG〉, is constructed
from its uncorrelated correspondant, |ψ0〉, by project-
ing out fraction of the local double f -occupancies by
means of the Gutzwiller operator, i.e., |ψG〉 ≡ PˆG|ψ0〉 ≡∏
i PˆG;i|ψ0〉. The operator PˆG;i is defined by Pˆ
†
G;iPˆG;i ≡
1 + xdˆHFi [55], where x is a variational parameter and
dˆHFi ≡ nˆ
HF
i↑ nˆ
HF
i↓ = (nˆ
f
i↑ − n0f )(nˆ
f
i↓ − n0f ) is relative to
the Hartree-Fock (HF) double occupancy operator, with
n0f ≡ 〈nˆ
f
iσ〉0. Hereafter we use a shortened notation
〈...〉G(0) ≡
〈ψG(0)|...|ψG(0)〉
〈ψG(0)|ψG(0)〉
.
Formally, the expectation value with GWF for any
product operator, Oˆi(j), acting on site i (and j), can be
expanded in a power series in x
〈Oˆi(j)〉G=
〈
OˆGi(j)
∏
l 6=i(j)
Pˆ2G;l
〉
0
=
∞∑
k=0
xk
k!
∑
l1,...,lk
′
〈OˆGi(j)dˆ
HF
l1,...,lk
〉0,
(2)
where we have defined OˆG
i(j) ≡ Pˆ
†
G;i(Pˆ
†
G;j)Oˆi(j)(PˆG;j)PˆG;i
and dˆHFl1,...,lk ≡ dˆ
HF
l1
· · · dˆHFlk . The primed summation de-
notes the following restrictions: lp 6= lp′ , and lp 6= i, j
for all p and p′. Power series in x allows for a system-
atic incorporation of the long-range correlations among
k non-local sites (l1, ..., lk) and the local ones (i, j). For
k = 0 we reproduce the results of GA, where only local
sites are projected. In this manner, the number of non-
local correlated sites taken into account is the expansion
parameter. The resulting expectation values with |ψ0〉
can be evaluated by applying the Wick’s theorem. The
products of the two-operator contractions can be visu-
alized as diagrams, with sites and two-operator averages
playing the role of vertices and lines, respectively [15, 46].
Here we allow for both the paramagnetic (PM) and SC
contractions (lines) defined respectively as
Pα,β
l,l′
≡ 〈αˆ†lσβˆl′σ〉0 − δαfδβfδll′n0f , S
α,β
l,l′
≡ 〈αˆ†lσβˆ
†
l′σ¯
〉0, (3)
where α, β ∈ {c, f} and l, l′ are the lattice indices.
We have accounted for SC contractions, Sα,βl,l′ , which
lead to the gap of d-wave symmetry, with the nodal
lines along the diagonal directions. For an infinite lat-
tice, we introduce a real space cutoff. Namely, we con-
sider only the lines limited by the distance |l − l′|2 ≡
(lx−l
′
x)
2+(ly−l
′
y)
2 ≤ 10 (measured in lattice constants).
The resulting expectation value of the Hamiltonian can
be expressed by the diagrammatic sums (for details see
Ref. [15]), and in this manner, it depends explicitly on the
variational parameter x, the correlation functions (lines)
(3) and on n0f .
The iterative procedure for obtaining the physical
ground state of (1) is as follows:
1. 〈Hˆ〉G is evaluated diagrammatically for selected |ψ0〉.
2. 〈Hˆ〉G is minimized with respect to x.
3. The effective single particle Hamiltonian Hˆeff for the
uncorrelated wave function |ψ0〉 is determined.
4. New trial |ψ′0〉 is obtained as the ground state of Hˆ
eff .
The points 1-4 are repeated in a self-consistent loop until
a satisfactory convergence, i.e., the condition |ψ0〉 = |ψ
′
0〉
is reached to a desired accuracy, typically 10−6. The
details of the method for the normal state of ALM are
thoroughly discussed in Ref. [15].
The effective single-particle Hamiltonian Hˆeff for the
uncorrelated wave function |ψ0〉 is determined from the
condition that its optimal expectation value coincides
with 〈Hˆ〉G. This leads to the condition
δ〈Hˆeff 〉0(P
α,β
l,l′
, Sα,β
l,l′
, n0f ) = δ〈Hˆ〉G(P
α,β
l,l′
, Sα,β
l,l′
, n0f )
=
∑
l,l′
(∂〈Hˆ〉G
∂Pα,β
l,l′
δPα,β
l,l′
+
∂〈Hˆ〉G
∂Sα,β
l,l′
δSα,β
l,l′
)
+
∂〈Hˆ〉G
∂n0f
δn0f .
(4)
Explicitly, the effective single-particle Hamiltonian
reads,
Hˆeff =
∑
i,j,σ
[
tccij cˆ
†
iσ cˆjσ + t
ff
ij fˆ
†
iσ fˆjσ + t
cf
ij (cˆ
†
iσ fˆjσ +H.c.)
]
+
∑
i,j,σ
∆cfij (cˆ
†
iσfˆ
†
jσ¯ + h.c.) +
∑
i,j
∆ffij (fˆ
†
i↑fˆ
†
j↓ +H.c.),
(5)
with the effective microscopic parameters determined by
tαβij =
∂〈H〉G
∂Pα,βi,j
, ∆αβij =
∂〈H〉G
∂Sα,βi,j
, tffii =
∂〈H〉G
∂n0f
. (6)
Parenthetically, as GWF introduces correlations within
the f orbital only, there is no effective pairing between
c-electrons, since there are no Sc,ci,j lines in the diagrams
visualizing the Wick’s contractions in (2).
In the momentum space, the effective Hamiltonian can
be reformulated in the Bogoliubov - de Gennes - Nambu
form [56]
Hˆeff =
∑
k
Ψ†k


ǫcck 0 ǫ
fc
k ∆
fc
k
0 −ǫcck ∆
fc
k −ǫ
fc
k
ǫfck ∆
fc
k ǫ
ff
k ∆
ff
k
∆fck −ǫ
fc
k ∆
ff
k −ǫ
ff
k

Ψk, (7)
where we have defined Ψ† ≡ (cˆ†k↑, cˆ−k↓, fˆ
†
k↑, fˆ−k↓) and
ǫαβk (∆
αβ
k ) = (1/L)
∑
ij t
αβ
ij (∆
αβ
ij )e
i(i−j)k, where L is the
number of lattice sites. Hamiltonian (7) can be easily
diagonalized by the Bogoliubov-type of transformation
and thus the new lines and n0f determining the ground
state of Hˆeff can be obtained, i.e.,
Pα,βi,j
(
Sα,βi,j
)
=
1
L
∑
k
〈αˆ†kβˆk〉0
(
〈αˆ†kβˆ
†
k〉0
)
ei(i−j)k,
n0f =
1
L
∑
k
〈αˆ†kβˆk〉0.
(8)
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FIG. 1. Phase diagram on total band filling – hybridization
magnitude plane, with the dominant, dx2−y2 -wave supercon-
ducting order parameter for f electrons, ∆ffG;1,0 (see main
text). The dashed lines mark the selected f -orbital isova-
lents. The dotted line singles out the non-BCS region defined
by the gain in the kinetic energy, ∆Ekin > 0 in SC state. For
the selected point (n = 1.8, |V |/|t| = 0.65) we show in the
inset that SC appears with the increasing f -f interaction.
To determine the equilibrium properties of ALM, the
system of Eqs. (6) and (8) is solved self-consistently, to-
gether with the minimization of 〈Hˆ〉G with respect to
x [44–48]. We also adjust the chemical potential as the
total filling n ≡ 2〈nˆfiσ + nˆ
c
iσ〉G is fixed. Finally, the
physical ground state energy of the system is obtained
as EG = 〈Hˆ〉G|0/L + n|0µ, where |0 denotes the equi-
librium value. We define also the f -orbital filling as
nf = 2〈nˆ
f
iσ〉G.
Our variational scheme enables us to determine both
Hˆeff and |ψ0〉 and in turn, the renormalized SC order
parameters
∆αβG;ix−jx,iy−jy ≡ 〈αˆ
†
i βˆ
†
j 〉G = 〈PˆGαˆ
†
i βˆ
†
j PˆG〉0. (9)
Note that although, there is no pairing term between the
c electrons in (5), the corresponding SC order parameters
are nonzero.
Results. We have selected the starting microscopic
parameters realistic for the Ce-based HFS, namely c-
electrons with nearest-neighbor hopping t and the sec-
ond nearest-neighbor hopping, t′ = 0.25|t|, f -electron
atomic level position ǫf = −3|t|, and f–f Coulomb re-
pulsion, U = 10|t|. The bare c–f hybridization with
the amplitude V is considered as a variable and of the
nearest-neighbor origin. Physical energies are obtained
by assuming |t| = 50 meV (see e.g. [5, 41]). We have re-
stricted our analysis to the f orbital filling not exceeding
unity or slightly larger, nf . 1.05, to include possible lo-
cal f3+, f4+, and f2+ configurations. The diagrammatic
expansion, if not stated otherwise, has been carried out
up to the third order, k = 3.
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FIG. 2. Angle dependence of the SC gaps at the Fermi
surface for selected parameters n = 1.8 and |V |/|t| = 0.65.
The larger gap, ∆1 follows dx2−y2 dependence. The inset
shows the quarter of the Brillouin zone with explicitly drawn
absolute values of the SC gaps.
In Fig. 1 we present the phase diagram characterized
by the leading value of the f -f electron dx2−y2 compo-
nent of the order parameter, ∆ffG;1,0 on the total filling
– hybridization, n–|V | plane, with the marked isovalents
(dashed lines) by the f orbital occupation number, nf . It
can be inferred that correlations for f -orbital filling in the
range nf . 0.8− 0.85 are too weak to lead to robust SC
state. In the inset to Fig. 1 (for the selected point on the
diagram) we show explicitly the appearance of ∆ffG;1,0 and
the associated condensation energy ∆E = EPM − ESC
emerging with the increasing interaction amplitude, U .
Here, we have defined EPM and ESC as the ground state
energies for the normal and SC states, respectively.
The order parameter ∆ffG;1,0 is representative as it dom-
inates practically always. In particular, in the singled
out region, marked as non-BCS, the absolute values of
the remaining order parameters ∆αβG;ix−jx,iy−jy are less
than 35% of ∆ffG;1,0. In the non-BCS region, in distinc-
tion to that of BCS, a gain in the kinetic energy appears
with respect to PM state, ∆Ekin ≡ E
kin
PM − E
kin
SC > 0.
The kinetic energy comprises all the contributions to
the ground state energy except the potential part, i.e.,
Ekin ≡ EG −
U
L
〈
∑
i nˆ
f
i↑nˆ
f
i↓〉G. In the non-BCS regime
the density of states at the Fermi level (not shown ex-
plicitly) in PM state is significantly enhanced signaling
heavy quasiparticle masses, and suggesting that this pa-
rameter range is appropriate for the HFS description. On
this basis, we predict that the gain in the kinetic energy
in the SC state for the Ce-based heavy fermion super-
conductors, and for specifically addressed here CeCoIn5,
is the next feature shared with the high-temperature su-
perconductors, in addition to the d-wave symmetry of
the order parameter, the competition of SC with antifer-
romagnetism, and emergence of pseudogap [42].
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FIG. 3. (a) Effective gap components with the dominant
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are not included. (b) Condensation energy for SC state in
consecutive orders of the expansion. In all plots n = 1.8.
CeCoIn5 represents a thoroughly studied SC system
[6, 7] among Ce-based superconductors. Unprecedent-
edly among HFS, for this compound the gap function was
directly observed and characterized [5, 41, 42]. To com-
pare our results to those of CeCoIn5 we have selected the
representative point on the phase diagram (cf. Fig. 1),
determined by the values n = 1.8 and |V | ≃ 0.65. The
total filling n has been chosen so that the Fermi level is
placed in the energy below the middle point of the hy-
bridization gap [41, 42]. In turn, hybridization amplitude
V has been adjusted to obtain the value of the condensa-
tion energy (∆E ≃ 2.3K - cf. Fig. 1, inset) corresponding
to the SC critical temperature of CeCoIn5.
We obtain a nodal pairing with the two distinct gaps at
the Fermi surface, in accord with the findings for CeCoIn5
[5, 40–42]. In the Fig. 2, we have shown explicitly their
angular dependence (and shape - cf. inset) in the quar-
ter of the first Brillouin zone. The larger gap, ∆1 fol-
lows pure dx2−y2-symmetry dependence as suggested for
CeCoIn5 by various experiments cf. e.g. Refs. [5, 41, 42].
To track the leading contribution to the pairing, in
Fig. 3a we display the effective SC pairing components
(lines) along the selected direction of constant band fill-
ing, n = 1.8. The dominant pairing amplitude, ∆ff1,0
describes the f -f pairing part and is of the dx2−y2-wave
symmetry. The remaining f -f and f -c pairing compo-
nents constitute less than 15% of ∆ff1,0. Such circum-
stance explains in a natural manner the common origin
of magnetic and SC orderings [43] in CeCoIn5 as the for-
mer is associated mostly with f -electrons. Additionally,
in Fig. 3b we present the convergence of our results with
the order k of the expansion on example of the conden-
sation energy for n = 1.8. Absence of any considerable
difference between the k = 3 and k = 4 plots proves that
the convergence is already reached for k = 3.
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FIG. 4. (a) The value of the condensation energy ∆E for the
fixed values of the total filling n. (b) Kinetic energy differ-
ence, ∆Ekin between normal and SC states. Behavior, when
∆Ekin > 0 is opposite to that predicted by the BCS theory.
In Fig. 4a we plot the condensation energy, ∆E for
different n values. The energy which should be of the
order of the transition temperature is reasonable, espe-
cially in the limit of the total filling, n < 2. Nonetheless,
∆E in our model can be suppressed by introducing an
onsite contribution to hybridization, here considered of
a purely intersite form. In Fig. 4b we plot the gain in
kinetic energy in SC state. The non-BCS state appears
for lower values of the hybridization amplitude |V |.
Summary. The Anderson lattice model has been solved
diagrammatically with a full Gutzwiller wave function.
This leads to the generic correlation-driven unconven-
tional superconductivity. The SC state exhibits princi-
pal properties detected in a clear manner in CeCoIn5
[5, 41, 42], as well as can be expected to appear also in
other Ce-based superconductors [4, 7]: (i) superconduc-
tivity is of multigap (f -f and f -c pairings) character; (ii)
the leading gap component is due to f -f pairing and of
dx2−y2-wave symmetry; and (iii) the condensation energy
of a reasonable value, i.e. of the order of critical temper-
ature. Additionally, we also show that in a direct anal-
ogy to high-temperature superconductors, heavy fermion
systems can be characterized by the presence of non-BCS
regime.
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